The second example shows that for n > 3, ε > 0 there are infinitely many ε-flat ^-dimensional manifolds with different fundamental groups.
Define inductively ex t (x) = exp (eXi_ λ (x)\ ex o (x) -x
, and set ε(ή) = exp (-eXj(n)), where j = 200. (We are generous everywhere in this paper because the true value of the constants is unknown.)
Main Theorem. Let V be a compact έ(n)-flat manifold, and π its fundamental group. Then: (a) There exists a maximal nilpotent normal divisor N C π (b) ord(πlN)<ex,(n); (c) the finite covering of V corresponding to N is dίjfeomorphic to a nilmanifold.

Corollary. If V is έ(n)-flat, then its universal covering is diffeomorphic to R n . If V is έ(n)-flat and π is commutative, then V is diffeomorphic to a torus.
1.5. Manifolds of positive and almost positive curvature. For such manifolds one expects the properties (a) and (b) from Main theorem 1.4, but we are able to prove only the following:
(i) If V is a manifold of nonnegative sectional curvature (c~ > 0), then its fundamental group π and every subgroup of π can be generated by 3 n elements.
then π can be generated by N < 3 n ex 2 (nK&) elements; if π is a free group and KQ) 1 < ε(n), then π is generated by one element. of statements 2.3, 2.5, 2.6, 2.8.and 7.2 are due to him.
Almost positive curvature
2.1. For a group Γ with a function f -• ||^|| e R + we denote the "ball" (II IIΓΊO, rf by Γ p c Γ. We say that Γ is discrete with respect to || || if all balls are finite.
We call γ l9 γ 29 , γ s e Γ a short basis (or short generators) and the sequence of subgroups e = Γ o C Γ λ C C Γ s = Γ a short filtration with respect to || ||, if Γ t is generated by f 1? , γ t and ||/ <+1 || is minimal for all γ from the complement JΓ\/V 2.2. From now on we fix a point v 0 e ϊ 7 , denote the tangent space at v 0 by Γ, and set π = TΓ^F, Ί; 0 ). For a geodesic Λ:[0,1]->V with Λ(0) = v Q we denote by ί(/Γ) e Γ the corresponding tangent vector with length (t(X)) = length (Λ). For <* e π we denote by ||α|| the length of the shortest loop representing a.
2.3. Let a, β € π 9 and ^, // be the corresponding shortest loops with φ the angle between t{λ) and t(μ). Put ^ = max(||α||, \\β\\) and Λ: 2 = max(0, -c~(V)). Let X x and X, be manifolds as above of dimension n, and Δ λ C X, J 2 C X be σ-uniformly ^-dense sets. Denote by R o the minimum of the injectivity radii Rad (X λ ) 9 Rad (X 2 ), and by K the maximum of the curvatures c(X λ ) and c(Z 2 ). Let /: Δ x -> J 2 be a bijective ^-restricted ^-isometry. If σ < 2, δ < exp (-lOn), R, R o > 10, q < 1 + exp (-10/ι), ^ < exp (-10«), then there exists a diίfeomorphism i 7 : Zj -^ X 2 . Proof Using/: Δ λ -> J 2 we identify J x with J 2 , and set 7/ = / 2 (^i) = / 2 (^2) It is easy to see that the maps ψ x : X λ -+ H and φ 2 \X 2~^H are smooth imbeddings, the image X[ of the first map is contained in a normal tubular neighborhood of the image X 2 of the second map, and the normal projection X[ -> Xζ is a diffeomorphism.
3.4. Remark. Our construction for F is metrically invariant. So if/ commutes with an isometrical action of a group in Δ 1 and Δ 2 , then so does F. (We suppose here that a group acts isometrically on X γ and Z 2 , and Δ l9 Δ 2 are invariant sets.) 3.5. Notice that 1.7 (a) immediately follows from 3.3 and the Cheeger inequality:
Lie groups
The group of motions. We normalize the biinvariant metric in
, and denote by M(n) the group of rigid motions of R n with the metric induced by the decomposition M(n) = O(n) X R n . We denote the projections M(n) -> O(«) and Λf(/i) -* i? n by "rot" and "trans" respectively. In all three groups we denote by \\α\\ the distance from a to the identity element, and by B a , a>0, the ball of radius a centered at the identity element.
By [a, β] we denote the commutator of a and β. For A e O(n) by E max (A) C R a we denote the eigenspace corresponding to the (complex) eigenvalue λ maximizing the distance: dist (λ, 1).
4.2. The following properties of the commutators are obvious and well known (see [9] 
>0.
If μ%-\ < μ n i and μ n is small, then the curvature c{L) is small because of 4.4, and for given uniform discrete subgroup Γ C L the diameter d(L/Γ) is also small. This provides the second example in 1.2.
For vectors x l9
, x k e R n , k < « we denote by ^(x 1? , x fc ) the volume of the /^-dimensional parallelepiped spanned by x l9 , x fc . We say that a system of independent vectors x l9 -,x k is regular if HxJ < 3 ί-1 H^H, 1 < / <j<k, and ®(x l9 --,x k )>A n f] Li ||x<||, Λ" 1 = « 2 (/i). 4.7. Consider an ^-dimensional lattice Λ (Z R n equipped additionally with the structure of a nilpotent group without torsion. Let λ λ9
, λ n C A be a basis in J such that the sublattices A t = {Σi=i w^} are a l so invariant subgroups with respect to the nilpotent group structure, [Λ, A t ] C A t _ l9 ί = 1, ,«, and
Realize Λ now (see [9] ) as a uniform discrete subgroup in a nilpotent group L and associate with the basis λ ί9 , λ n 6 A C i£ n a left invariant metric in L as follows: take x l9 , x n e / with exp (x^) = ^ e i C I, equip / with the Euclidean structure induced by the isomorphism R n -> / extending ^ -> x ί5 and take the corresponndig metric in L. The product in the nilpotent group A C ZΓ is given by a polyinomial P: A X A-* A of degree < «. Extending this polynomial to R n X Z? n provides on R n the structure of a nilpotent Lie group isomorphic to L. The bracket in the Lie algebra may be expressed in terms of the coefficients of P and so by an obvious interpolation argument inequalities ||[λ, μ]\\<c\\λ\\ \\μ\\ in the ball in A yield the analogous inequality for /:
This, together with 4.4, proves the first statement of the lemma and the same interpolation arguments prove the second.
Pseudogroups
A pseudogroup is by definition a set Γ with a product a-β e Γ defined for some pairs a, β € Γ and having the following properties :
There is the unique identity element e e Γ, and every γ <=. Γ has a unique inverse.
If the products (aβ)γ and a(βγ) are defined, they are equal and are written as aβγ. Generally, the notation γ λ γ 2 γ k means that the product is defined for any setting of brackets.
5.2. Example. A symmetric subset of a group, containing the identity element, is a pseudogroup.
Any pseudogroup Γ can be viewed as a presentation (by generators and relations) of a group π = π(Γ).
If the natural map Γ -> π is injective, we say that Γ is injective. The pseudogroups from the above example are injective.
5.4. A symmetric subset of a pseudogroup containing the identity is again a pseudogroup, but we use the term "subpseudogroup" only for sets closed with respect to the multiplication.
A function γ ^ \\γ\\ € R + ,γ s Γ, is called a norm if it is symmetric (Hf-
!! = HTΊI), positive outside the identity element, and \\aβ\\ < \\a\\ + \\β\\. We introduce the radius rad (Γ) = max r6Γ ||?-||, and say that Γ is radial if for a, 8 6 Γ with ||α|| + \\β\\ < rad (Γ) the product a-βis defined.
5.6. Example: the local fundamental pseudogroup. Denote by Ω the Hspace of all piecewise smooth loops in V based at v Q e V with the composition denoted by φ o ψ for φ, ψ e Ω. Denote by Ω p9 p > 0 the set of loops of length less than or equal to p and by Γ = π p the set of all geodesic loops in Ω p . We denote by \\γ\\, γ e Γ, the length of γ. If p 2 c + (V) < 0.1 we define for a, β e Γ with a o β e Ω p the product aβ e Γ: aβ is the shortest loop homotopic in Ω p to a o β. The pseudogroup Γ so defined is discrete (see 2.1) and radial, and if p > 4d(V) then π(Γ) is canonically isomorphic to π γ (V\ v 0 ); but it may be not injective (see 1.6).
Our major concern is the injectivity for the almost flat case. To prove that we shall later need the following two facts. For their proof note that a pseudogroup is trivially injective if it can be described as a pseudogroup of transformations of some set.
5.7. Let Γ be discrete and radial (we use the notation from 3.1). , α s e A, and R> p ex 2 {s), then nil (^4) < s. This is obvious. Proof. This follows from the possibility of covering 0(ή) by TV balls of the radius \θ.
6.3. Let r: Γ -> 0(«) be an ε-homomorphism with image in the ball B θ c 0(n), 0< exp(-/ι). If> < rad (Γ) andε < 0.1 (θp~2\ then ||r(^)|| < lOfy" 1 ||r||, γeΓ.
Proof. If 
